Abstract-In this paper, an l 2 norm constraint-based reduced-dimensional MUSIC (l 2 CRD-MUSIC) algorithm for joint angle and delay estimation (JADE) with automatic pair matching in multipath environment is proposed. By utilizing the l 2 norm constraint on the steering vector, the quadratic optimization problem in JADE is decomposed into a one-dimensional (1D) search problem. Thus, angles can be first estimated by a 1D search. For each estimated angle, the matching delay is estimated by the root finding technique. The proposed algorithm has lower computational complexity than the 2D-MUSIC method, but achieves comparable performance with the 2D-MUSIC method. Furthermore, the estimated angles and delays are automatically paired together. Simulation results are presented to verify the effectiveness of the proposed algorithm.
INTRODUCTION
Angle and delay estimation is a classical problem with broad applications in many areas such as wireless communications, sonar and radar. This issue has been extensively studied in recent decades and various algorithms have been proposed for joint estimation of these two parameters, as summarized next.
Maximum likelihood (ML)-based methods [1] , ESPRIT based methods [2, 3] and MUSIC-based methods [4] [5] [6] are the common estimation methods of great interest. Particularly, the ML estimator (MLE) is an optimal technique. However, the direct implementation of grid searching is computationally expensive and prohibitive. Although some iterative algorithms have been developed to reduce the complexity, such as the Gauss Newton-based method in [1] , they require accurate initial guesses to avoid the local convergence. ESPRIT-based algorithms [2, 3] usually have closed-form solutions and low complexity. In [2] , the JADE-ESPRIT algorithm is proposed which utilizes the rotational invariance property of the array, but its performance is significantly worse compared with the Cramer-Rao bound (CRB), especially at low signal-to-noise ratio (SNR). MUSIC-based algorithms [4] [5] [6] have better performance than ESPRIT-based algorithms and can be used for some kind of irregularly-spaced array. The two-dimensional MUSIC (2D-MUSIC) method, one of the most widely used high-accuracy algorithms, has been utilized for JADE [4] . However, it has heavy computational load since the requirement of a 2D search. To reduce the computational complexity, the time-space-time MUSIC (TST-MUSIC) in a tree structure is proposed in [5] . The TST-MUSIC algorithm utilizes the technique of temporal filtering, and it requires three one-dimensional (1D) search processes. In [6] , the multi-invariance MUSIC (MI-MUSIC) algorithm is proposed, which transforms the 2D search problem into two 1D search problems. However, it suffers performance degradation due to the approximation on the steering vector. Furthermore, the estimated angles and delays by the MI-MUSIC algorithm cannot be automatically paired together.
In this paper, an l 2 norm constraint-based reduced-dimensional MUSIC (l2CRD-MUSIC) algorithm for JADE with automatic pair matching is proposed. The proposed algorithm realizes angle and delay estimation only by a single 1D search, and achieves comparable performance with the 2D-MUSIC algorithm. Simulation results show that the proposed algorithm provides a great tradeoff between performance and complexity. Compared with the 2D-MUSIC algorithm, it requires far lower computational load. In contrast to the MI-MUSIC and JADE-ESPRIT algorithms, it has significantly higher accuracy. Moreover, automatic pair matching is realized by using the root finding technique.
II. SIGNAL MODEL
In the orthogonal frequency division multiplexing (OFDM) system, consider a multipath environment where signals are received by a uniform linear array (ULA) with M omnidirectional antennas in the far field. We suppose that the channel is fading but stationary during a short time interval. We suppose that the channel bandwidth is B and there are K subcarriers. The discrete channel frequency response of the kth frequency subcarrier at the nth time interval is given by [1, 2] 
where represents the Khatri-Rao product, According to Eq. 5, the 2D-MUSIC spatial spectrum function for JADE is given by [7] HH ( , ) ,
where  denotes the Kronecker product. Eq. 4 is a complicated non-linear function of the parameters of interest. To avoid the performance degradation and achieve automatic pairing, a reduced-dimensional MUSIC algorithm based on l2 norm constraint is given as follows. We define
where K I is the KK  identity matrix. Since the l 2 norm of ()  f is a constant, we consider the constraint of
. Compared with the constraint in the MI-MUSIC method, the l 2 norm constraint is tighter for estimation. Therefore, the estimated results by the l2CRD-MUSIC algorithm are closer to the optimum values. With this constraint, Eq. 5 is transformed into an optimization problem as follows
Using the Lagrange multiplier technique, a cost function is constructed by
where  is a constant. Then we take the gradient of ( , )
L  with respect to ()  f and set it to zero, which is given by
According to Eq. 8, we obtain ( ) ( ) ( ),
which means that  and ()  
Instead of the exhaustive search, we use the root finding technique to find the optimal solution of Eq. 14. By utilizing the power model of ( According to Eq. 17, we can first estimate delays by searching and then estimate angles by the technique of root finding.
The total computational complexity of the proposed algorithm is
, which is far lower than that of the 2D-MUSIC algorithm whose computational complexity is
where N  stands for the total searching points for delay.
The proposed algorithm also has lower complexity than the MI-MUSIC algorithm which costs
which is lower than our algorithm.
IV. SIMULATION RESULTS
In this section, to evaluate the performance of the proposed algorithm, 2D-MUSIC, MI-MUSIC, and JADE-ESPRIT methods are compared with the proposed l 2 CRD-MUSIC algorithm. Furthermore, the CRB [4] as a benchmark is also compared with the RMSE of these algorithms. Table 1 The fading amplitudes are generated from a zero-mean complex Gaussian distribution with covariance matrix RB = diag{[1, 0.8]}. As shown in Fig. 1 , the spectrum of the l 2 CRD-MUSIC algorithm is much sharper than that of the MI-MUSIC algorithm, which means that the l 2 CRD-MUSIC algorithm is superior to the MI-MUSIC algorithm in terms of accuracy. The improvement of accuracy is ascribed to the fact that all the elements of the steering vector are used to construct the constraint in the l 2 CRD-MUSIC algorithm, while the MI-MUSIC algorithm only constrains the first element of the steering vector.
Figs. 2 and 3 present the RMSE of the estimated angles and delays versus SNR, respectively. As is analyzed above, in the l 2 CRD-MUSIC algorithm we can first estimate angles and then estimate delays. Similarly, we can first estimate delays and then estimate angles. As shown in Figs. 2 and 3 , the two realizations of the l 2 CRD-MUSIC algorithm have almost the same performance in this situation. Moreover, it is indicated that the robustness to noise is almost the same for the l 2 CRD-MUSIC algorithm compared with the 2D-MUSIC algorithm. The proposed algorithm outperforms the MI-MUSIC and JADE-ESPRIT algorithms in both angle and delay estimations, especially at low SNR.
To further illustrate the good performance of the ISML algorithm, the resolution powers of the different estimators are compared in Figs . It can be seen clearly that the l 2 CRD-MUSIC algorithm has lower complexity than the 2D-MUSIC and MI-MUSIC algorithms. The reason for complexity reduction by the l 2 CRD-MUSIC algorithm is that it only requires a single 1D search process, however the 2D-MUSIC algorithm requires one 2D search process and the MI-MUSIC algorithm requires two 1D search processes. 
V. CONCLUSIONS
In this paper, we have proposed an l2CRD-MUSIC method for JADE. The proposed algorithm, which only requires a single 1D search, has lower complexity than the 2D-MUSIC algorithm, but achieves comparable performance with the 2D-MUSIC algorithm. The proposed algorithm outperforms the MI-MUSIC and JADE-ESPRIT algorithms in terms of accuracy. Furthermore, the pair matching of the estimated angles and delays is automatically achieved. Simulation results demonstrate the effectiveness of the proposed algorithm.
